We investigate longitudinal near-field coupling between acoustic resonators grafted onto a waveguide. Experiments are performed in the audible range with a simple acoustic system composed of a finite aperiodic sequence of air resonators. Transmission typically shows a zero around a resonance frequency of a single resonator, as is well known. When two identical resonators are brought in close proximity, however, we observe that longitudinal near-field coupling strongly influences the acoustic transmission. When the separation between resonators is increased so that they can be considered in the far field of one another, we further observe the appearance of Fano-like transmission profiles. We explain this observation by the formation of locally resonant Fabry-Perot interferometers from every pair of resonators. All experimental results are compared to three-dimensional finite element analysis of the acoustic system.
I. INTRODUCTION
Control of acoustic/elastic wave propagation with small-size structures and in the low-frequency range is currently becoming an urgent demand. In 2000, Liu et al. proposed a sonic crystal exhibiting band gaps though the lattice constant was two orders of magnitude smaller than the relevant sonic wavelength [1] . Those band gaps were generated owing to local resonances, with little dependence on periodicity. It was further shown that locally resonant structures can also present negative effective properties at frequencies associated with the local resonance [2, 3] . The use of local resonance for band gap engineering and the achievement of other intriguing properties have indeed paved new paths for the control of wave propagation.
Numerous works have been devoted to the design of resonant acoustic elements. Various configurations have been proposed, including systems with cross-like holes in a solid medium [4] , very soft inclusions in a binary system [5] , split rings inside water [6] , inertial amplifiers [7] , lattice structures with suspended masses [8] , plates or surfaces with pillars [9, 10] , or Helmholtz resonators [11, 12] . The corresponding line of research has broad scientific and practical implications into harnessing the propagation of acoustic waves [13] .
When resonators are brought at a close distance, typically smaller than the operating wavelength, near-field coupling between them may occur. In addition to transverse coupling [14] , longitudinal near-field coupling, i.e. coupling between adjacent units in the direction of wave propagation, is for instance employed to tune the response of photonic crystals [15, 16] . In the context of locally resonant phononic or sonic crystals, longitudinal coupling has been shown to introduce deviations from simple models that neglect it [17] . In this paper, we investigate longitudinal near-field coupling between acoustic resonators. We specifically consider a very simple and * Electronic address: vincent.laude@femto-st.fr inexpensive system composed of a finite sequence of air resonators grafted onto a waveguide. Measurements are performed in the audible range. It is found that longitudinal near-field coupling has very significant effects on the transmission through the waveguide. Furthermore, as we increase the separation between two identical resonators, spanning the range from the near to the far field, we observe a transition from a collective response of the near-field coupled resonators to a Fano-like transmission profile arising from pairs of resonators forming FabryPerot (FP) interferometers.
The paper is organized as follows. Experimental design and numerical methods used to obtain transmission spectra are described in Section II. Evanescent waves of the acoustic waveguide and their appearance at the grafting point are discussed in Section III. In Section IV, we turn our attention to aperiodic sequences with increasing separation between resonators. Finally, our results are summarized in Section V.
II. EXPERIMENTAL AND NUMERICAL METHODS
For the purpose of demonstration, we consider possibly one of the simplest resonant systems: a one-dimensional sequence of air tubes as resonators grafted onto a waveguide [11, 17] . The principle of the experiment and some samples are shown in Fig. 1 . We use inexpensive cylindrical polyvinyl chloride (PVC) cylinders for both the waveguide and the resonators. The waveguide supports only one propagating acoustic mode in air for frequencies under 2009 Hz; all experiments and computations are performed well below this cut-off frequency. The dispersion relation of guided waves in a waveguide is specifically discussed in Section III A.
Resonators are chosen between tubes of two different lengths, either long (h 1 = 24 cm) or short (h 2 = 4 cm). , where 0 or 1 represent either a short or a long tube. The distance between adjacent tubes is a. Photographs of the actual samples are shown as insets. Numerical simulations illustrating transmission cancellation are shown at the resonance frequency of (a) the short tube (f = 1456 Hz) and (b) the long tube (f = 1638 Hz). The color-bar indicates the amplitude of the pressure field normalized to the maximum pressure (Max). λ is the wavelength at the considered frequency. Dimensions in the experiment are L = 2 m, a = 8 cm, d1 = 10 cm, d2 = 5 cm, h1 = 24 cm, and h2 = 4 cm.
same tube closed at both ends; the frequency shift can be related to the appearance of evanescent waves at the grafting location [17] . The fundamental resonance of the grafted short tube is at 1456 Hz; the third resonance of the grafted long tube is at 1642 Hz. By choosing close but different resonance frequencies, we wish to differentiate the strong coupling between tubes of equal length from the comparatively weaker coupling between tubes of unequal lengths (see the specific discussion in Section III B). We consider aperiodic sequences of 5 grafted tubes that are either short (0) or long (1). The distance between two adjacent tubes is set to a = 8 cm, or about one third of the wavelength in air for all considered frequencies. Measurements were conducted using a sound card connected to a personal computer to generate Gaussian pulses with adjustable central frequency and bandwidth. The pulses were played with a loudspeaker placed at one end of the waveguide. The same sound card was used to sample the signals recorded with a microphone at the other end of the waveguide. The sampling rate was chosen to be 384 kHz, which is amply sufficient to capture the relevant spectra. The acquisition duration was also chosen long enough to capture all signals exiting the waveguide with delay. All experimental measurements are normalized against the measurement for a bare waveguide, i.e. with no resonator present, obtained with exactly the same Gaussian pulse. Such a normalization procedure is used to smooth Fabry-Perot oscillations that appear from reflections at the ends of the 2-meter-long waveguide. Though these oscillations are not completely canceled and can still appear in the normalized experimental transmission spectra, they have negligible influence on the experimental results reported in Section III. It is also noted that acoustic nonlinearities were verified to be negligible with our samples. We checked this point by repeating our experiments at different signal levels. Further details on the experimental measurement of isolated resonators and periodic sequences can be found in [17] .
In order to evaluate numerically transmission through the samples, we used a three-dimensional time-harmonic finite element model of pressure wave propagation. Examples of such simulations are shown in Fig. 1 . Numerical implementation was performed using the Acoustics module of the commercial software Comsol Multiphysics 3.5a. The partial differential equation solved is the linear acoustics equation with pressure as the independent variable. Material parameters used here are the mass density, ρ = 1.2041 kg.m −3 , and the speed of sound, c = 342 m.s −1 . Moreover, sound attenuation is introduced in the calculation. In the frequency range from 1360 Hz to 1720 Hz, the sound attenuation parameter is supposed to be proportional to frequency. In comparison to the value for open air [18] , the attenuation parameter we used is 3 times larger for a better match to experimental results. This larger attenuation in our experiments may be due to additional losses arising from imperfections of the samples. Continuity boundary conditions for pressure are imposed on all internal boundaries. A radiation boundary condition including an incident harmonic plane wave with unit pressure (p 0 = 1 Pa) is imposed on the left entrance boundary (denoted as σ 1 ), and a radiation boundary condition canceling incoming waves is applied on the right exit boundary (denoted as σ 2 ). All other external boundaries are set to the "wall" boundary condition, meaning that the normal velocity is zero on them, or equivalently that the normal derivative of pressure vanishes. With this setting, we avoid reflections at the ends of the waveguide and the appearance of spurious FP oscillations in the simulated spectra. Integration of the pressure field over the entrance and exit boundaries allows us to estimate the reflection and the transmission coefficients. More precisely, the transmission coefficient, t, and the reflection coefficient, r, are evaluated as
where p is the pressure inside the waveguide and A = πd 2 1 /4 is the surface area of the boundaries. We let the angular frequency ω sweep the frequency range of interest in order to obtain spectra. Note that these formulas work if there is only one propagating guided mode and boundaries σ 1 and σ 2 are in the far field of the resonators, so that evanescent waves can be assumed to have decayed sufficiently to be unnoticeable at those boundaries.
III. EVANESCENT WAVES ORIGINATING FROM A GRAFTING POINT A. Guided evanescent waves
The dispersion relation of guided waves in a homogeneous acoustic waveguide are obtained by solving the acoustic wave equation
under the assumption that guided waves can be expressed as
where ψ is the transverse modal distribution. Substituting Eq. (4) into Eq. (3), we get
where k is the wavenumber of the guided waves.
The complex dispersion relation of guided waves shown in Fig. 2 is obtained by sweeping the frequency f = ω/(2π) in the range of interest and obtaining k 2 as the eigenvalue and ψ as the eigenvector in Eq. (5). At a given frequency, the wavenumber is either real or pure imaginary, corresponding to either propagating or evanescent guided modes. The fundamental resonance frequency of the short grafted tube and the third resonance frequency of the grafted long tube are indicated in Fig. 2 by the two horizontal black lines. Around these frequencies, only the fundamental guided mode can propagate in the waveguide and all other modes are evanescent. The fundamental guided mode is non dispersive and propagates at celerity c. For a homogeneous waveguide, the transverse modal function ψ 0 (x 1 , x 2 ) is simply a constant. All other higher-order guided modes are evanescent and dispersive: their wavenumbers are imaginary-valued functions of frequency and their amplitude decreases exponentially along the propagation direction. Owing to the symmetry of the waveguide, the first evanescent dispersion branch supports two independent and frequencydegenerate modes, as shown in Fig. 2 . These modes ψ 1a and ψ 1b are mutually orthogonal. Their transverse pressure distributions are typically representative of halfwavelength standing wave patterns.
B. Single grafted tube
Considered separately, a single grafted tube mostly acts as a localized and strongly dispersive mirror having a reflection coefficient peaking almost at unity at the resonance frequency. Actually, unit reflection would be obtained in the absence of loss. Fig. 3(a) shows the computed reflection coefficient for a single short or long tube in the frequency range of interest. At the fundamental resonance (f = 1456 Hz) of the short tube, the reflection coefficient of the long tube is quite small (|r| ≈ 0.1). This implies that the long tube has small impact on transmission at the fundamental resonance of the short tube. In contrast, at the third resonance (f = 1642 Hz) of the long tube, the reflection coefficient on the short tube retains a significant value (|r| ≈ 0.3). Similarly, this implies that the short tube could have noticeable impact on transmission at the resonance of the long tube. Thus, when one type of tube is at resonance, the other type is not but its presence still cannot be completely neglected. Figs. 3(b) and 3(d) present experimental measurements and numerical simulations for the single short or long tubes grafted onto a waveguide. A transmission dip following the standard Lorentzian profile is introduced at the resonance frequency, as should be expected [17] . The pressure distributions at resonance are shown for the single short tube in Fig. 3(c) and for the single long tube in Fig. 3(e) . Both show that a standing wave is formed to the left of the tube due to the interference of the incident propagating guided wave and the reflected propagating guided wave. Evanescent guided waves are clearly formed at the grafting points. They appear because the translational symmetry of the waveguide is broken at the grafting position and they ensure the continuity of pressure before and after it.
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Considering only the fundamental propagating guided mode and the first evanescent guided mode, the total pressure field inside the waveguide can be expressed as where k = ω/c, α = | (k 1 (ω))| is the modulus of the imaginary part of the wavenumber for the first evanescent guided mode, and s is the evanescence coefficient [17] . Of the first two evanescent guided modes, only ψ 1b is excited because of the position of the grafting point on the waveguide. At a resonance frequency, the reflection and transmission coefficients are |r| ≈ 1 and |t| ≈ 0, respectively. Then Eq. (6) can be rewritten as
Since the amplitude of the transmitted guided wave is almost zero, the extent of evanescent waves along the direction of propagation can be visualized clearly on the right side of the grafting point. Moreover, the evanescent contribution in Eq. (7) decreases rapidly to zero with increasing distance from the grafting point, see Table I . Therefore, the standing wave pattern formed on the left side of the resonator as well as the canceling of transmission on its right side can be clearly observed in the far field of the pressure distributions of Figs. 3(c) and 3(e).
IV. APERIODIC SEQUENCES OF RESONATORS
From this point on we discuss measurements and numerical simulations for sequences of 5 grafted tubes. [0111 ] 0 ( ) a1 (1) . If there are two transmission dips, they are identified using γ = 1, 2. Normalized pressure distributions at the remarkable frequencies are shown on the right side. For simplicity, we display only vertical cross-sections going through the symmetry axis of the waveguide. In each case, the frequency of the incident harmonic guided waves is shown on top. The color scale is for pressure normalized with respect to the maximum pressure (Max).
A. Near-field coupling regime
Let us now consider the case of sequence [00111] with two adjacent resonant short tubes (case l = a in Fig. 4(a) ). Amazingly, the transmission dip disappears almost completely and transmission to the propagating guided wave is close to unity for all frequencies. It does not mean, however, that the two short tubes are out of resonance, as can be checked from the pressure distributions at frequencies S Fig. 4(a) . Instead, each resonator strongly feels the evanescent waves attached to the other resonator and a strong near-field coupling re- [10100] sults. Furthermore, it was checked by reproducing the numerical simulation without the long tubes that their presence almost does not change the transmission. This fact is consistent with the result in Fig. 3 that the long tube has a small reflection coefficient around the fundamental resonance of the short tube. Interchanging the role of short and long tubes with sequence [11000] (Fig.  5(a) ), we note that the general trends remain the same.
When the separation between the two short tubes is enlarged to l = 2a with sequence [01011], a system of two transmission dips results in Fig. 4(b) . Observing the pressure distributions at frequencies S 2 01 and S 2 02 , however, the first short tube is more strongly excited and plays a dominant role in the cancellation of transmission. The difference between both states seems to be that pressure in the second short tube oscillates with the same or the reverse phase compared to the first. In the case of the [10100] sequence around the resonance of the long tube in Fig. 5(b) , there is only a single transmission dip. It was checked numerically that the simple presence or absence of the off-resonance short tubes leads to either a single dip or a system of two dips in the transmission spectrum. Again, this fact is consistent with the result in Fig. 3 that the short tube has a relatively significant reflection coefficient around the third resonance of the long tube. These observations are a strong indication that a small perturbation of the environment of the long tubes, through weak near-field coupling, can lead to significant changes in the transmission.
B. Locally-resonant Fabry-Perot interferometers
When considering a larger separation (l = 4a) between short tubes, such as for sequences [01110] , it is expected that the near-field coupling that is due to evanescent waves gets smaller and eventually vanishes exponentially, in accordance with Table I . The transmission spectra in Fig. 4 (c) start to assume an asymmetric Fano-like shape [19, 20] instead of the simpler Lorentzian shape observed for smaller separations. More precisely, this shape is characterized by the simultaneous presence of a transmission dip centered near the resonance frequency of the single tube and of one or more transmission units. At the transmission dip S 4 0 , it can be observed in Fig. 4(c2) that acoustic waves localize on the first tube while the second tube remains almost idle. This property was checked to remain true for larger separations. At the transmission unit S 4 1 , both short tubes are rather strongly excited in Fig. 4(c3) and a standing wave establishes between them. Similar observations can be made regarding the transmission spectrum, the transmission dip L Fig. 5(c) . We interpret transmission units as caused by locally resonant FP interferometers formed by localized reflections on the resonators. Indeed, since the resonating tubes reflect efficiently propagating guided waves, a system of standing waves can be formed between two successive resonant tubes. According to this picture, the number of transmission units must increase proportionally to the separation between the two resonating tubes. Their frequencies are given by the condition that the effective round-trip FP cavity length is an integral number n of wavelengths, leading to the equation
where η is an effective distance accounting for the fact that reflection does not occur exactly at the center of the tubes, because of the excitation of evanescent waves. This effective distance is a frequency-dependent quantity related to the details of the grafting geometry and is only obtained numerically in this work, as illustrated in Fig.  6 . According to Eq. (8), the resonances of locally resonant FP interferometers are given by parameters n and η, for a given separation l = N a. For instance, the parameters defining the frequencies of FP resonances in Fig. 6(b) are n = 3 and η = −0.13a; parameters defining the frequencies of FP resonances in Fig. 6 (c) are n = 3 and η = 0.04a.
The influence on transmission units of off-resonance tubes present inside a locally resonant FP interferometer depends on the type of the additional tubes. For resonating short tubes, the presence or absence of off-resonance long tubes does not significantly affect the transmission: in Fig. 4(c) , the frequency of the transmission unit is almost the same as the frequency in Fig. 6(b) . Conversely, for resonating long tubes, the presence or absence of off-resonance short tubes affects the transmission: in Fig. 5(c) , the frequency of the transmission unit moves to the other side of the transmission dip compared to Fig. 6(c) . In a practical system based on resonators grafted on a waveguide, the transmission could thus be tuned efficiently by adjusting the properties of additional off-resonance resonators within a locally resonant FP interferometer.
C. Two identical resonators grafted onto the waveguide with a large separation
According to the analysis in the previous section, two identical tubes grafted at an arbitrary distance l along a waveguide create a locally resonant FP interferometer. The validity of this concept can be checked numerically for a rather large separation of the tubes. In this case, n in Eq. (8) is large and we expect that the sequence of FP resonances will be given by the approximate formula
or a sequence of harmonics of a fundamental frequency. Fig. 7 shows transmission spectra in the case that l = 30a. This distance is l = 2.4 m, about 10 times larger than the wavelength (λ ≈ 0.23 m). In this case, the two resonators could naively be supposed to be insensitive to one another. In fact, coupling of their evanescent fields can safely be ignored, but interference of reflected guided waves can still occur. Fig. 7(a) shows transmission spectra for pairs of short or long tubes. The series of transmission units is seen to be given with a good approximation by formula (9) . The sequence of states S 13 also correspond to n = 22 to 24. The pressure distributions for all these states are plotted in Fig. 7(b) . FP oscillations with enhanced amplitude can clearly be seen to extend between the two resonating tubes.
As a note, a coefficient of finesse indicative of the width of the transmission peaks can be defined as
where r 0 is the reflection coefficient on one resonator at the considered frequency. From this expression, it is clearly seen that high finesses can only be obtained as |r 0 | tends to unity. Locally-resonant FP interferometers can thus be made highly selective in frequency as a result of the strong dependence of the reflection coefficient with frequency. It should be noted, however, that if the separation between tubes is tuned to maximize the finesse, then a transmission unit will always be very close to a transmission zero, since both conditions amount to choosing |r 0 | ≈ 1.
V. CONCLUSION
We have observed that longitudinal coupling between resonant elements in an acoustic system can be very strong in the near-field regime and can be exploited to tune the transmission. Indeed, we formed sequences of resonators with almost no attenuation or with a strong attenuation over a rather wide frequency bandwidth. We observed strong coupling between resonators with the same resonance frequency and weak coupling between resonators with different but close resonance frequencies. Moreover, when the separation between two identical resonators was larger than about half a wavelength, we observed the additional appearance of transmission units arising from the formation of locally resonant FabryPerot interferometers.
Adopting a wider view, we remark that models of metamaterials based on homogenization techniques or effective parameters generally consider propagating waves in the long wavelength regime. They thus implicitly neglect the possible formation of evanescent waves that can extend beyond the limits of a unit-cell and couple embedded resonators along the direction of propagation. In such a case, longitudinal near-field coupling should not be ignored and can provide new degrees of freedom for wave propagation control at the sub-wavelength scale.
The acoustic system we have considered is onedimensional and is easily reconfigurable [21] [22] [23] [24] just by adjusting the length of the resonators and the order of their sequence. Longitudinal near-field coupling should be observable in two-and three-dimensional acoustic systems as well, since waves that are evanescent in the direction of propagation must also appear at the grafting positions of the resonators. Beyond acoustic waves, the same considerations extend naturally to elastic waves, though their vector character clearly would need to be taken into account.
